
Chapter 8Con
lusionThis work investigated the appli
ability of semi
lassi
al approximations to mesos
opi
systems. The di�erent problems analyzed are grouped around three setups: two simplemodel systems and a more 
ompli
ated stru
ture realized in experiment. The theo-reti
al studies, namely the 
al
ulation of the level density of the disk billiard and the
ondu
tivity tensor of the free 2DEG, analyzed the in
uen
e of various higher-order�h 
ontributions to the semi
lassi
al des
ription. It was shown that only a few of these
orre
tions are relevant. The magneto
ondu
tan
e of the experimental system { amesos
opi
 
hannel with antidots { was su

essfully des
ribed within leading orderof �h. All observed features were quantitatively and qualitatively reprodu
ed, and anintuitive pi
ture of their origin 
ould be given.
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90 Chapter 8: Con
lusionWorking on semi
lassi
al te
hniques, i. e. approximations of the quantum me
hani
al for-malism to leading order in �h, 
an have di�erent fo
i. The interest 
an be dire
ted towardsthe 
orre
t des
ription of the properties of a spe
i�
 system. This in
ludes all ques-tions relevant for (experimental) appli
ations. Another motivation is to gain in
reasedtheoreti
al insight in semi
lassi
al te
hniques. In this 
ontext, the limits of su
h an ap-proximation are 
onsidered and formal problems of the approa
h are solved.For the present work, these two aspe
ts have been equally important. This 
on
lusionwill therefore summarize the main results twi
e. First, an overview of the �ndings forthe spe
i�
 systems is given (Se
. 8.1), before the results are 
olle
ted a

ording to theo-reti
al 
riteria (Se
. 8.2 and 8.3). The dissertation 
loses with suggestions for furtherinvestigations.8.1 The systems investigatedThe semi
lassi
al approximation was shown to be a well-adapted tool for all the meso-s
opi
 systems 
onsidered. The approa
h was seen to be suÆ
iently a

urate. Comparedto the quantum me
hani
al 
al
ulations, the numeri
al e�ort is signi�
antly redu
ed.The semi
lassi
al tra
e formula only depends of the properties of the 
lassi
al dynami
sof the system. This feature allows to give simple, intuitive pi
tures for the relevant pro-
esses. A parti
ular fo
us was dire
ted towards the explanation of the observed quantuminterferen
e e�e
ts in these 
lassi
al terms.8.1.1 The disk billiardThe level density of the disk billiard in homogeneous magneti
 �eld was 
hosen as the �rstmodel system. It is simple enough to allow an analyti
 quantum me
hani
al solution, sothat the short
omings of the semi
lassi
al approximation 
an be analyzed very a

urately.It is, on the other hand, 
omplex enough to exhibit the typi
al problems semi
lassi
alapproximations fa
e. In varying magneti
 �elds, orbit bifur
ations o

ur. Additionally,the system 
omprises orbits with symmetries of di�erent dimensionality, so that di�erentpowers in �h 
ontribute to the tra
e sum. Finally, grazing or di�ra
tive e�e
ts 
ome intoplay. A detailed analysis resulted in a surprisingly small in
uen
e of most of these �h
orre
tions. The only relevant 
orre
tion 
on
erns the Maslov index. Using a simple one-dimensional approximation, it was repla
ed by a re
e
tion phase. With this modi�
ation,the semi
lassi
al tra
e formula gives ex
ellent results for arbitrary �eld strengths, both forthe shell stru
ture and for full quantization. The shell stru
ture 
ould be explained withina simple pi
ture in
luding only the 
lassi
al properties of three periodi
 orbits.8.1.2 The free 2DEGThe free 2DEG was sele
ted as a simple model system for the appli
ation of semi
lassi
altransport theory. Both its longitudinal and its Hall 
ondu
tivity were des
ribed semi
las-si
ally. It was shown that the Shubnikov-de-Haas os
illations in the longitudinal 
ondu
-tivity are an e�e
t of leading order in �h. The integer quantum hall e�e
t, in 
ontrast, isalmost ex
lusively due to a single 
ontribution of se
ond leading order, namely the perioddependen
e of the 
y
lotron orbits on the magneti
 �eld strength. The 
orresponding �h
orre
tion 
ould be derived for arbitrary systems.



8.2 The relevan
e of �h 
orre
tions 918.1.3 The 
hannel with antidotsThe longitudinal magneto
ondu
tan
e of a narrow 
hannel with 
entral antidots was 
ho-sen deliberately as a diÆ
ult problem for a semi
lassi
al analysis. Previous results hadfound strong indi
ations that the e�e
ts observed in this system, namely the dependen
eof the maxima spa
ings on the magneti
 �eld and the dislo
ations observed when varyingthe antidot diameter, are genuine quantum e�e
ts, not a

essible to a semi
lassi
al 
al
u-lation. Furthermore, the system shows features that disfavor a semi
lassi
al des
ription:The 
hannel has many orbits with 
omparable length and a
tion. They are related bya 
ompli
ated stru
ture of bifur
ations, and ghost orbits are ubiquitous. Despite theseproblems and the related te
hni
al diÆ
ulties it was possible to give a 
omplete semi
las-si
al des
ription of all observed e�e
ts. The lo
al behavior at a dislo
ation 
ould even bereprodu
ed quantitatively, and the parameters of the model potential 
ould be �t to theexperimental situation. It was shown that the 
omplex behavior of the system is not dueto higher-order 
ontributions in �h, but to a deli
ate interplay between the a
tions andamplitudes of many similar orbits. Within the semi
lassi
al pi
ture, the observed magne-to
ondu
tan
e features 
ould be related to bifur
ations in the leading 
lasses of periodi
orbits.8.2 The relevan
e of �h 
orre
tionsA 
entral result of this work is that semi
lassi
al approximations are valid in a mu
hwider range than they are expe
ted to. Even large individual higher-order 
ontributionsfrequently lead to marginal 
orre
tions, sin
e they average out to a great extent. Onlytwo important sour
es of �h 
orre
tions were identi�ed.8.2.1 Di�erent powers in �h in the tra
e formulaThe �rst group of relevant �h 
orre
tions are those that 
ome naturally into play by theappli
ation of the semi
lassi
al pro
edure itself. This happens for example in systems thatin
lude orbits symmetries with di�erent dimensionality. The orbits with lower symmetrylead to 
ontributions in higher than leading order in �h. These �h 
orre
tions are negle
ted inthe standard approa
h. For the disk billiard, however, the in
lusion of the lower-symmetryboun
ing orbits was shown to be ne
essary.1The 
ondu
tivity tensor is another property where the semi
lassi
al approximation by itselfin
ludes higher-order terms in �h. In this 
ase the leading-order term of the level densityshows up as an �h 
orre
tion in the Hall 
ondu
tivity. This 
orre
tion is responsible forthe plateaus in the hall voltage, i. e. the integer quantum hall e�e
t. The 
orrespondingformula for general systems 
ould be derived.8.2.2 Re
e
tion phasesThe Maslov index was identi�ed as another sour
e of potentially important �h 
orre
-tions. This additional phase o

urs at 
lassi
al turning points (or their higher-dimensionalequivalents). It exhibits a spurious dis
ontinuity in dependen
e of the steepness of the1Similar results have been obtained for other systems as well [119℄.



92 Chapter 8: Con
lusione�e
tive potential. In a one-dimensional approximation this jump 
an be removed byrepla
ing the Maslov index by a re
e
tion phase. The phase depends expli
itly on �h,whi
h 
orresponds to �h 
orre
tions to the tra
e formula. These 
orre
tions were shownto be important for the disk billiard in the strong �eld regime R
 <� R. They 
orre
t thedegenera
y of the Landau levels, whi
h is overestimated by the standard approa
h. Theme
hanism 
an be interpreted as a proximity e�e
t of the boundary.2The generalization of the re
e
tion phase to higher dimensions is still an open problem.8.2.3 Bifur
ations and grazingGrazing 
orre
tions are related to �nite integration limits in stationary-phase approxima-tions. These e�e
ts 
an be expe
ted to give 
orre
tions up to 50% to the level density ofthe disk billiard. A detailed analysis showed, however, that this 
orre
tion is negligiblethere.Bifur
ations were seen to be important for problems in
luding only a few orbits. This isintuitive, sin
e bifur
ations lead to divergen
ies in the standard Gutzwiller approa
h. Ifmany orbits are in
luded, the in
uen
e of the bifur
ations (although their number mightdrasti
ally in
rease) gets smaller. This has to be interpreted as a 
an
ellation e�e
t. Thisbehavior was found for both the disk billiard and the 
hannel system.There are di�erent me
hanism relating bifur
ations to experimentally observable e�e
ts.It was reported that their lower order in �h may lead to lo
al dominan
e of the bifur-
ations. Period doubling bifur
ations are known to be responsible for period-doublinge�e
ts in resonant tunneling diodes. The me
hanism in the 
hannel was shown to bedi�erent. There, bifur
ations mark the boundaries of phase spa
e regions with di�erent
lassi
al dynami
s. The semi
lassi
al des
ription re
e
ts the 
lassi
al phase spa
e stru
-ture in the quantum os
illation. Like that is was possible to dire
tly relate one type ofbifur
ations of the 
annel system to the dislo
ations observed in the maxima positions ofthe magneto
ondu
tan
e.8.3 Smoothing in higher order of �hFinite temperature and impurity s
attering lead to �nite line widths and 
hara
teristi
line shapes. Just as the semi
lassi
al approximation itself, the implementation of thosee�e
ts in the tra
e formula is only valid up to leading order in �h. This work presentedgeneralizations appli
able to the �h 
orre
tions 
onsidered.For both 
ases where this modi�ed smoothing s
heme was applied, namely the bifur
ationsand the grazing 
orre
tion in the disk billiard, the magnitude of the smoothing 
orre
tionwas 
omparable to the �h 
orre
tion itself. For bifur
ations in systems with many orbitsit was shown that negle
ting the �h 
orre
tion in the tra
e formula and just in
luding the
orre
t (numeri
al) smoothing already leads to surprisingly good results.2Re
e
tion phases 
an also be applied to problems in
luding partial transmission and re
e
tion, andtherefore also to tunneling.



8.4 Suggestions for further investigations 938.4 Suggestions for further investigationsThe results of this work indi
ate that bifur
ations have a 
onsiderable in
uen
e in systemswith only a few dominating orbits. For those, a numeri
al in
lusion of bifur
ations of
odimension 2 along the path presented here 
ould be useful. A suitable prototype forthese systems is the H�enon-Heiles potential, where three important orbits are involvedin a period-tripling and subsequent tangent bifur
ation. An appropriate starting pointare the uniform formulas presented by S
homerus [71℄, with an adaption to the numeri
allimitations following appendix B.For the disk billiard in strong magneti
 �elds, the 
orre
tion of the Maslov index wasshown to be important. This 
orre
tion was in
luded using a simple, one dimensionalapproximation, where the potential at the 
lassi
al turning point was expanded to linearorder. This approximation 
ould be further improved implementing the analyti
al re
e
-tion phases worked out by Friedri
h et al. [29℄. This would be another step towards ageneralization of the Maslov index.The most rewarding �eld for future investigations, however, is the appli
ation of the semi-
lassi
al te
hniques to experiment. The �t of the model potential of the 
hannel systemwas so su

essful, that a proje
t to determine the experimental potential by semi
lassi
alte
hniques seems reasonable. Su
h a proje
t would exploit the substantially redu
ed nu-meri
al e�ort of semi
lassi
al 
al
ulations, making an adaption of many parameters of theexperimental potential numeri
ally feasible. A good 
andidate for su
h an investigationis the 
ondu
tan
e of the Aharonov-Bohm-ring measured by Pedersen et al. [124℄. Thelong-range os
illations superimposed on the AB frequen
y stem from the interferen
e oftrapped orbits in the ring arms. Fitting the semi
lassi
al �ndings to the experimentalobservations should, among other predi
tions, allow an estimate of the depletion width ofthe et
h border.Similar 
al
ulations should be possible for antidot superlatti
es. For the system with largeantidot diameter presented by Eroms et al. [27℄, also the steepness of the e�e
tive potential
ould be a

essible.These investigations would add a new quality to semi
lassi
al approximations. The semi-
lassi
al des
ription would then not only reprodu
e the experimental �ndings and allowtheir interpretation in an intuitive pi
ture. For these systems, it 
ould additionally providea tool to determine experimental parameters hardly a

essible by other means.




