
Chapter 8ConlusionThis work investigated the appliability of semilassial approximations to mesosopisystems. The di�erent problems analyzed are grouped around three setups: two simplemodel systems and a more ompliated struture realized in experiment. The theo-retial studies, namely the alulation of the level density of the disk billiard and theondutivity tensor of the free 2DEG, analyzed the inuene of various higher-order�h ontributions to the semilassial desription. It was shown that only a few of theseorretions are relevant. The magnetoondutane of the experimental system { amesosopi hannel with antidots { was suessfully desribed within leading orderof �h. All observed features were quantitatively and qualitatively reprodued, and anintuitive piture of their origin ould be given.
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90 Chapter 8: ConlusionWorking on semilassial tehniques, i. e. approximations of the quantum mehanial for-malism to leading order in �h, an have di�erent foi. The interest an be direted towardsthe orret desription of the properties of a spei� system. This inludes all ques-tions relevant for (experimental) appliations. Another motivation is to gain inreasedtheoretial insight in semilassial tehniques. In this ontext, the limits of suh an ap-proximation are onsidered and formal problems of the approah are solved.For the present work, these two aspets have been equally important. This onlusionwill therefore summarize the main results twie. First, an overview of the �ndings forthe spei� systems is given (Se. 8.1), before the results are olleted aording to theo-retial riteria (Se. 8.2 and 8.3). The dissertation loses with suggestions for furtherinvestigations.8.1 The systems investigatedThe semilassial approximation was shown to be a well-adapted tool for all the meso-sopi systems onsidered. The approah was seen to be suÆiently aurate. Comparedto the quantum mehanial alulations, the numerial e�ort is signi�antly redued.The semilassial trae formula only depends of the properties of the lassial dynamisof the system. This feature allows to give simple, intuitive pitures for the relevant pro-esses. A partiular fous was direted towards the explanation of the observed quantuminterferene e�ets in these lassial terms.8.1.1 The disk billiardThe level density of the disk billiard in homogeneous magneti �eld was hosen as the �rstmodel system. It is simple enough to allow an analyti quantum mehanial solution, sothat the shortomings of the semilassial approximation an be analyzed very aurately.It is, on the other hand, omplex enough to exhibit the typial problems semilassialapproximations fae. In varying magneti �elds, orbit bifurations our. Additionally,the system omprises orbits with symmetries of di�erent dimensionality, so that di�erentpowers in �h ontribute to the trae sum. Finally, grazing or di�rative e�ets ome intoplay. A detailed analysis resulted in a surprisingly small inuene of most of these �horretions. The only relevant orretion onerns the Maslov index. Using a simple one-dimensional approximation, it was replaed by a reetion phase. With this modi�ation,the semilassial trae formula gives exellent results for arbitrary �eld strengths, both forthe shell struture and for full quantization. The shell struture ould be explained withina simple piture inluding only the lassial properties of three periodi orbits.8.1.2 The free 2DEGThe free 2DEG was seleted as a simple model system for the appliation of semilassialtransport theory. Both its longitudinal and its Hall ondutivity were desribed semilas-sially. It was shown that the Shubnikov-de-Haas osillations in the longitudinal ondu-tivity are an e�et of leading order in �h. The integer quantum hall e�et, in ontrast, isalmost exlusively due to a single ontribution of seond leading order, namely the perioddependene of the ylotron orbits on the magneti �eld strength. The orresponding �horretion ould be derived for arbitrary systems.



8.2 The relevane of �h orretions 918.1.3 The hannel with antidotsThe longitudinal magnetoondutane of a narrow hannel with entral antidots was ho-sen deliberately as a diÆult problem for a semilassial analysis. Previous results hadfound strong indiations that the e�ets observed in this system, namely the dependeneof the maxima spaings on the magneti �eld and the disloations observed when varyingthe antidot diameter, are genuine quantum e�ets, not aessible to a semilassial alu-lation. Furthermore, the system shows features that disfavor a semilassial desription:The hannel has many orbits with omparable length and ation. They are related bya ompliated struture of bifurations, and ghost orbits are ubiquitous. Despite theseproblems and the related tehnial diÆulties it was possible to give a omplete semilas-sial desription of all observed e�ets. The loal behavior at a disloation ould even bereprodued quantitatively, and the parameters of the model potential ould be �t to theexperimental situation. It was shown that the omplex behavior of the system is not dueto higher-order ontributions in �h, but to a deliate interplay between the ations andamplitudes of many similar orbits. Within the semilassial piture, the observed magne-toondutane features ould be related to bifurations in the leading lasses of periodiorbits.8.2 The relevane of �h orretionsA entral result of this work is that semilassial approximations are valid in a muhwider range than they are expeted to. Even large individual higher-order ontributionsfrequently lead to marginal orretions, sine they average out to a great extent. Onlytwo important soures of �h orretions were identi�ed.8.2.1 Di�erent powers in �h in the trae formulaThe �rst group of relevant �h orretions are those that ome naturally into play by theappliation of the semilassial proedure itself. This happens for example in systems thatinlude orbits symmetries with di�erent dimensionality. The orbits with lower symmetrylead to ontributions in higher than leading order in �h. These �h orretions are negleted inthe standard approah. For the disk billiard, however, the inlusion of the lower-symmetrybouning orbits was shown to be neessary.1The ondutivity tensor is another property where the semilassial approximation by itselfinludes higher-order terms in �h. In this ase the leading-order term of the level densityshows up as an �h orretion in the Hall ondutivity. This orretion is responsible forthe plateaus in the hall voltage, i. e. the integer quantum hall e�et. The orrespondingformula for general systems ould be derived.8.2.2 Reetion phasesThe Maslov index was identi�ed as another soure of potentially important �h orre-tions. This additional phase ours at lassial turning points (or their higher-dimensionalequivalents). It exhibits a spurious disontinuity in dependene of the steepness of the1Similar results have been obtained for other systems as well [119℄.



92 Chapter 8: Conlusione�etive potential. In a one-dimensional approximation this jump an be removed byreplaing the Maslov index by a reetion phase. The phase depends expliitly on �h,whih orresponds to �h orretions to the trae formula. These orretions were shownto be important for the disk billiard in the strong �eld regime R <� R. They orret thedegeneray of the Landau levels, whih is overestimated by the standard approah. Themehanism an be interpreted as a proximity e�et of the boundary.2The generalization of the reetion phase to higher dimensions is still an open problem.8.2.3 Bifurations and grazingGrazing orretions are related to �nite integration limits in stationary-phase approxima-tions. These e�ets an be expeted to give orretions up to 50% to the level density ofthe disk billiard. A detailed analysis showed, however, that this orretion is negligiblethere.Bifurations were seen to be important for problems inluding only a few orbits. This isintuitive, sine bifurations lead to divergenies in the standard Gutzwiller approah. Ifmany orbits are inluded, the inuene of the bifurations (although their number mightdrastially inrease) gets smaller. This has to be interpreted as a anellation e�et. Thisbehavior was found for both the disk billiard and the hannel system.There are di�erent mehanism relating bifurations to experimentally observable e�ets.It was reported that their lower order in �h may lead to loal dominane of the bifur-ations. Period doubling bifurations are known to be responsible for period-doublinge�ets in resonant tunneling diodes. The mehanism in the hannel was shown to bedi�erent. There, bifurations mark the boundaries of phase spae regions with di�erentlassial dynamis. The semilassial desription reets the lassial phase spae stru-ture in the quantum osillation. Like that is was possible to diretly relate one type ofbifurations of the annel system to the disloations observed in the maxima positions ofthe magnetoondutane.8.3 Smoothing in higher order of �hFinite temperature and impurity sattering lead to �nite line widths and harateristiline shapes. Just as the semilassial approximation itself, the implementation of thosee�ets in the trae formula is only valid up to leading order in �h. This work presentedgeneralizations appliable to the �h orretions onsidered.For both ases where this modi�ed smoothing sheme was applied, namely the bifurationsand the grazing orretion in the disk billiard, the magnitude of the smoothing orretionwas omparable to the �h orretion itself. For bifurations in systems with many orbitsit was shown that negleting the �h orretion in the trae formula and just inluding theorret (numerial) smoothing already leads to surprisingly good results.2Reetion phases an also be applied to problems inluding partial transmission and reetion, andtherefore also to tunneling.



8.4 Suggestions for further investigations 938.4 Suggestions for further investigationsThe results of this work indiate that bifurations have a onsiderable inuene in systemswith only a few dominating orbits. For those, a numerial inlusion of bifurations ofodimension 2 along the path presented here ould be useful. A suitable prototype forthese systems is the H�enon-Heiles potential, where three important orbits are involvedin a period-tripling and subsequent tangent bifuration. An appropriate starting pointare the uniform formulas presented by Shomerus [71℄, with an adaption to the numeriallimitations following appendix B.For the disk billiard in strong magneti �elds, the orretion of the Maslov index wasshown to be important. This orretion was inluded using a simple, one dimensionalapproximation, where the potential at the lassial turning point was expanded to linearorder. This approximation ould be further improved implementing the analytial ree-tion phases worked out by Friedrih et al. [29℄. This would be another step towards ageneralization of the Maslov index.The most rewarding �eld for future investigations, however, is the appliation of the semi-lassial tehniques to experiment. The �t of the model potential of the hannel systemwas so suessful, that a projet to determine the experimental potential by semilassialtehniques seems reasonable. Suh a projet would exploit the substantially redued nu-merial e�ort of semilassial alulations, making an adaption of many parameters of theexperimental potential numerially feasible. A good andidate for suh an investigationis the ondutane of the Aharonov-Bohm-ring measured by Pedersen et al. [124℄. Thelong-range osillations superimposed on the AB frequeny stem from the interferene oftrapped orbits in the ring arms. Fitting the semilassial �ndings to the experimentalobservations should, among other preditions, allow an estimate of the depletion width ofthe eth border.Similar alulations should be possible for antidot superlatties. For the system with largeantidot diameter presented by Eroms et al. [27℄, also the steepness of the e�etive potentialould be aessible.These investigations would add a new quality to semilassial approximations. The semi-lassial desription would then not only reprodue the experimental �ndings and allowtheir interpretation in an intuitive piture. For these systems, it ould additionally providea tool to determine experimental parameters hardly aessible by other means.




